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Hybrid motor systems have been shown to be safe, practical, and generally reliable
alternatives to monopropellant and solid fuel systems. One shortcoming of hybrid systems
is the tendency towards increased nozzle throat erosion due to the highly-oxidative nature
of hybrid exhaust. Said erosion affects motor performance, decreasing reliability. In order
to address this shortcoming, a series of low-erosion nozzle configurations with pyrolytic
graphite throat inserts were evaluated. The high thermal conductivity of pyrolytic graphite
enables it to pass heat quickly from the throat. The pyrolytic graphite throat insert is then
encased in a high-heat capacity insulator which acts as a heat sink, allowing the nozzle throat
to remain cooler for longer and thus reducing pyrolization and erosion. A heat transfer
model is developed to predict nozzle thermal performance as this is key to understanding
erosive behavior, and a thermal stress model is developed to determine whether each nozzle
is mechanically feasible. It is determined through testing and analysis that the thermal
properties of hexagonal boron nitride make it an ideal choice for nozzle insulator, however
it is too weak to resist the thermal stresses induced over the course of operation. Reinforced




Development of an Anisotropic Thermal Stress Model for a Low-erosion Hybrid Rocket
Nozzle System
Judson C. Stephens
Hybrid rockets are rockets which employ a solid fuel grain with a liquid oxidizer. Hy-
brids have many promising potential applications, however they also have a few drawbacks.
Of interest to this research is the increased rate of nozzle erosion inherent to hybrid rockets.
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CHAPTER 1
INTRODUCTION
1.1 The Potential Benifits and Limitations of Hybrid Rockets
Hybrid rocket motors have many safety and environmental benefits(2) when compared
to monopropellant systems, which by contrast use highly toxic fuel which poses serious
health and safety risks when used in propulsive systems. Furthermore, hybrid rocket sys-
tems like monopropellant systems are relatively simple in terms of design and implemen-
tation, and they offer increased performance. Due to these advantages, hybrid rockets
have seen increasing interest for application in sounding rockets,(3; 4) orbital insertion for
SmallSats,(5; 6) upper stages for Nano-launchers,(7) and surface launch systems for Mars
and Lunar Sample return missions.(8) When compared with solid rocket motors, hybrid
motors have a higher mass due to the requirement for a liquid oxidizer, however the stop,
restart,(9; 10; 11; 12) and throttle(13; 14) capabilities of hybrid motors enable a much
broader application. While hybrid motors can stop, restart, and throttle as needed, solid
motors must resort to techniques such as ”loiter”(15) to accomplish similar results, and the
resulting inefficiencies may very well negate the low-mass advantages of solid motors.(1)
However, the implementation of hybrid motors doesn’t come without its challenges.
In particular, nozzle throat erosion in hybrid motors introduces uncertainties in motor
performance that make it difficult to adequately predict behavior. Traditionally it has been
thought that hybrid erosion would behave similar to solid erosion, however the comparably
high oxidizer to fuel ratio inherent to hybrid motors results in a greatly increased rate of
chemical erosion in hybrid motors compared to solid motors. Indeed, the throat erosion
rate can be as much as 2 to 3 times greater in hybrid motors than in solid motors.(16; 17)
As the throat erodes, the cross-sectional area becomes larger, increasing mass flow and
affecting thrust. Furthermore the increase in mass flow affects the overall vehicle mass.
2
Fig. 1.1: Effects of Nozzle Erosion
Accordingly, erosion adversely affects the ability to accurately predict motor performance.
As can be seen in figure (1.1) taken from Whitmore et. al(2020)(1), if we rely solely upon
chamber pressure to predict thrust without taking into account the effects of nozzle erosion,
eventually the predictions will start to deviate substantially from the actual values. In this
case, erosion has led to a widening of the nozzle throat, resulting in an increase in the mass
flow rate and a drop in chamber pressure. The result is a drop in efficiency due to the
motor running off-design and a loss of confidence in the motor mass and thrust (in this
case, by about 35% for a 15s burn), potentially jeopardizing the success of the mission.
It is of paramount importance that thrust and mass be measured accurately during flight,
therefore it is desirable devise a nozzle that minimizes erosion to the extent possible, and
for which erosive behavior is predictable.
1.2 Possible Methods of Reducing Nozzle Erosion
There are many possible ways one might achieve this goal, however many are imprac-
tical to the application. Layered Graphite-Epoxy is a common nozzle material choice due
to its high strength and light weight, but it oxidizes rapidly above 650℃ and as previously
stated, hybrid exhaust is often inherently oxygen rich. Oxidtative resistant coatings could
be a solution, but no viable options exist for temperatures in the 2000℃ range. Finally low-
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erosion refractory materials could be employed, but these are typically heavy and would
add considerable weight to the design.(1)
1.3 Design of a Low-Erosion Composite Nozzle
Fig. 1.2: Low Erosion Composite Nozzle Schematic
The approach pursued by Whitmore et al.(2020)(1) is to instead employ a composite
nozzle with materials selected to slow nozzle throat heating as much as possible. By low-
ering the temperature of the throat surface, pyrolysis is also decreased. Pursuant to this
goal, a nozzle was developed which employs a pyrolytic graphite(PG) throat encased in an
insulating material as shown in figure (1.2). For purposes of testing, this was sometimes
enclosed in a stainless steel(SS) shell for structural reasons. Two insulators are proposed:
hexagonal boron nitride(HBN) and reinforced carbon-carbon composite(RCC).
1.3.1 Properties of Pyrolytic Graphite(1)
Pyrolytic Graphite is a unique form of synthetic graphite manufactured by decomposing
hydrocarbon gases, typically propane or methane, to very high temperatures in the absence
of oxygen. The result is an ultra-pure form of carbon that crystallizes into a series of layered
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graphene sheets. Graphene is an allotrope of carbon formed as a single layer of atoms in a
2-dimensional hexagonal-lattice. Graphene sheets are then layered to produce a strong and
temperature-resistant material. Because the graphene sheets crystallize in a planar order,
pyrolytic graphite is extremely anisotropic. The anisotropy is caused by the tendency of
the individual crystallites to align perpendicular to the deposition surface.
Pyrolytic graphite also has a high thermal shock resistance and is well suited for ab-
sorption of thermal pulses, as in this application. Most importantly for this application is
the anisotropic property that pyrolytic graphite exhibits a very low thermal conductivity
in the direction perpendicular to the graphene sheets (α−plane), and a very high thermal
conductivity along the direction of the sheet layers, β−radial (basal-plane) direction. Thus,
pyrolytic graphite conducts heat across its β−planar surface like copper, and insulates like
ceramics in the α−axial (edge-plane) direction. In fact, pyrolytic graphite is one of the best
planar conductors of heat that is currently available. Figure (1.3) shows the orientation of
the α− and β−planes in several of the graphene sheets making up pyrolytic graphite, and
the relative heat-transfer rate magnitudes.
Fig. 1.3: Relative Heat Transfer Rates of α and β Planes in Pyrolytic Graphite
1.3.2 Properties of Hexagonal Boron-Nitride(1)
Boron nitride is synthetically produced and exists in various crystalline polymorphs,
including cubic and hexagonal. Cubic boron nitride (CBN) is exceptionally hard, harder
than diamond, and is commonly used as abrasives and in cutting tool applications. Hexago-
nal boron nitride (HBN) is the most stable of the polymorphs. HBN has a layered structure
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where boron and nitrogen atoms are bound by strong covalent bonds in-plane and each
layer is held together by van der Waals forces. Thus, HBN, like pyrolytic graphite exhibits
anisotropic properties, with the longitudinal-axis (α−plane) value exhibiting a significantly
higher value when compared to the radial-axis (β−plane). This behavior is opposite of
what is observed for pyrolytic graphite, and will be leveraged for this low-erosion nozzle
design. Unlike CBN, HBN is also sufficiently soft so as to be readily machineable. Figure
(1.4) shows the orientation of the α and β planes, and the relative heat-transfer rates in
several layers of an HBN-structure. Important properties associated with HBN are:
1. Anisotropic with high κ−values along the α−plane and low κ−values along the
β−plane.
2. Low thermal expansion coefficient
3. Good thermal shock and heat resistance
4. High electrical resistance and low dielectric constant
5. Easily machined — non-abrasive and lubricious
6. Non-toxic and chemically inert
Fig. 1.4: Relative Heat Transfer Rates of α and β Planes in Hexagonal Boron-Nitride
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One drawback to HBN however is that it is fairly brittle compared to other materials, thus
its ability to withstand the thermal stresses developed over the course of operation is an
area of concern. This is compounded by the fact that the low rate of thermal conductivity
is liable to create large temperature gradients within the material.
1.3.3 Properties of Reinforced Carbon-Carbon Composite
To address the mechanical concerns associated with HBN, RCC is proposed as a po-
tential alternative. RCC is not as attractive as HBN with regards to its thermal properties
(exhibiting both a higher conductivity and a lower heat capacity), but it is significantly
more durable.
1.3.4 Combined Effects
For the proposed nozzle, it is hoped that the combined effects of the two materials
will result in a low-erosion nozzle. The insulator is able to absorb large amounts of heat
without rapidly increasing in temperature and while keeping the exterior within operation
conditions. This property allows for the insulator to act as a sort of heat shed, absorbing
large amounts of energy without substantially increasing in temperature. The PG throat
on the other hand has a very high rate of thermal conductance in the radial direction,
meaning there is minimal thermal resistance between the insulator and the motor exhaust
plume, enabling heat to pass quickly through the throat and into the insulator instead
of accumulating in the throat resulting in temperature increase. The result is that the
described nozzle slows the rate of temperature increase at the nozzle surface, postponing
pyrolysis and reducing erosion.
1.4 Thesis Statement
In order to effectively predict the performance of proposed nozzle configurations, it is
necessary to develop a thermal stress model that can accurately predict nozzle temperature
and induced stresses. Knowing the nozzle throat temperature profile is critical to predict-
ing erosion and therefore to motor performance as a whole, and material stress must be
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calculated in order to ensure the nozzle won’t fail. Pursuant to this need, this thesis deals
with the development of an accurate thermal stress model for the prescribed system.
1.4.1 Computational Elements
The MATLAB based thermal stress model utilizes finite element analysis and classic
heat mechanics to make predictions about the time-resolved unsteady heating behavior
of the nozzle. Stress is calculated using the method described by Qian et al.(18) and
incorporates both thermal and loading stresses. The model is designed to incorporate
as much flexibility as possible, allowing users to adjust such parameters as dimensions,
materials, exhaust-flow properties, etc. In so doing, the model may serve as a useful asset
in predicting the performance of future iterations of low-erosion composite nozzles.
1.4.2 Model Validation
Steady Sate Model
In order to validate the heating model, an explicit steady state solution was developed
in tandem with the heating. While the steady state solution tells us nothing about the
short-term behavior of the nozzle, it is nonetheless useful in demonstrating agreement with
long-term behavior.
Experimental Data
To further validate the thermal model, a series of tests were conducted with the low-
erosion composite model (and others) throughout the year of 2020 and 2021. Tests were
performed at USU using the motor pictured in figure (1.5). Tests were run for varying
chamber pressures and burn durations, and results on the developed thrust, shell temper-
ature, and erosion rate of the nozzle were recorded. This data was then compared against
the output of the thermal model both to validate the effectiveness of the model and to
inform the selection of coefficients within the model. Additionally, some of the nozzle con-
figurations failed structurally while others did not. By comparing the stress predictions for
8
Fig. 1.5: Test Motor Schematic
the failed nozzles and the successful nozzles against their respective rupture moduli, we can




2.1 Material and Gas Property Assumptions
2.1.1 Properties of the Exhaust Plume
It is assumed that the nozzle starts very quickly and that the exhaust plume reaches
steady states values nearly instantly. Therefore nozzle startup is not likely to have a signif-
icant impact on nozzle heating. With this assumption in mind, properties of the exhaust
plume created by the GOX/ABS burn were calculated for a range of values using CEA(19).
The flow properties are depicted in figure (A.1). The full tabulated properties are included
as appendix A.1.
2.1.2 Material Properties
There are three material properties used in computing heat transfer: thermal conduc-
tivity (κ), specific heat (cp), and density (ρ). For the purposes of this analysis, conductivity
and specific heat are considered temperature dependent. This is because we expect to en-
counter a wide range of temperatures in our analysis and assuming a universal value would
likely be inaccurate. By contrast, the tight construction of the nozzle is considered suffi-
cient to prevent density from changing in any meaningful way. The material properties of
graphite and stainless steel are well understood and tabulated values for these materials are
included in appendix A.2 and A.3 respectively. The pyrolysis temperature of graphite was
determined to be 650C(20). The performance of pyrolytic graphite, boron nitride, and rein-
forced carbon-carbon however is more uncertain, particularly at the elevated temperatures
we expect to encounter in a rocket nozzle. The values used in this study are included in ap-
pendix A.4, A.5 and A.6. The pyrolysis temperature of pyrolytic graphite was determined
to be 1750C(21).
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For the stress analysis, all material properties were assumed to be constant. Given the
uncertainty with regards to the material properties, a study was conducted from the avail-
able sources to estimate population means standard deviations. A summary of the sources
is available for pyrolytic graphite, hexagonal boron nitride, and carbon-carbon composite
in appendices A.7, A.8, and A.9 respectively.
2.2 Heat Mechanics
Fig. 2.1: Burn Cross Section
This model will be set in cylindrical coordinates for obvious reasons. It is assumed that
heat transfer will be largely 1-dimensional, due to the radial and longitudinal symmetry of
the throat section. As a result, heat lost to the bell of the nozzle or back into the motor
casing will be neglected.
Generally speaking, for the nozzle in question there are two sources of heat into the
system and two possible sources of heat out. Heat into the system is caused by radiation
and convection at the nozzle throat surface with the motor exhaust plume. Heat out of the
system is caused by radiation of the outer shell with the surroundings, and by erosion at
11
the nozzle throat surface when active.
2.2.1 Temperature
CEA provides idealized values for flame temperature. For our analysis, we will reduce
the CEA provided flame temperature by the combuster efficiency factor.
Tf = ηTf−CEA (2.1)














2.2.2 Nozzle Throat Surface
The two sources of heat into the system are convection and radiation with the motor
plume.
Q̇1 = Q̇rad−in + Q̇conv (2.3)
In our case, due to the highly erosive nature of the oxidizer rich exhaust, we must also
include the effects of heat lost to ablation. If the flow is erosive, then [2.3] can be modified
such that:
Q̇1 = Q̇conv + Q̇rad−in − Q̇ero (2.4)
Where:
Q̇ero = 2πr1LρN ṙhv (2.5)
Radiative Heating
Multiple studies have confirmed that 1-Dimensional approximations of radiative heat
transfer are adequate in predicting radiative flux in the throats of converging/diverging
12








1 )(Tf + T1)(Tf − T1) (2.6)
If multiple reflections between the wall and the combustion products are taken into account,





+ 1εN − 1
(2.7)
Convective Heating




= hg(A1)(Tawf − T1) (2.8)






































Finally, the convection coefficient can be expressed in terms of the Stanton number
such that for laminar flow:





And for turbulent flow:














For the proposed motor design, the Reynolds number is typically on the order of 104.
For pipe flow, this means that the flow is likely neither fully laminar nor fully turbulent.
To compensate for this fact, a ’percent laminar’(β) factor has been introduced. β ranges
from 0 to 1, with 0 being fully laminar and 1 being fully turbulent. Using this factor, an
effective convective heat can be defined as:









Alternatively, a convection coefficient can be calculated using Bartz’s method(26),
which is widely used for calculating convection coefficients within converging/diverging

























Equations [2.13], [2.14], and [2.16] were used to compute convection coefficients for a r1 =
.5cm throat with chamber pressures ranging from 500kPa to 2500kPa and oxidizer to fuel
ratios ranging from 1.5 to 4, which generally defines the range of conditions we expect to
encounter. The results are shown in figure (2.2). Preference is given to Bartz’s method due
to the fact that it was specifically developed for usage in converging/diverging nozzles and
because of its wide usage in academia, however it can be seen in the figure that with β = .5
equation 2.15 provides a reasonably good estimate.
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Fig. 2.2: Convection Method Comparison
2.2.3 Nozzle Outer Surface
At the outer surface, the heat transfer is dominated by radiation and natural convection
is comparatively unimportant. Therefore:







sur)(T4 + Tsur)(T4 − Tsur) (2.17)
2.2.4 Heat Balance Within Nozzle
Generalized Form
Within the nozzle material, conduction is the only means of heat transfer, and the
difference between heat in and heat out must be balanced by a corresponding increase in
temperature of the section:











If the section in question includes the throat surface, then Q̇i−1 becomes Q̇1 as described
by [2.4] where ṙ = 0 for the non-erosive case. If the section in question includes the nozzle
outer surface, then Q̇i+1 becomes Q̇4 as described by [2.17]. Otherwise, they are defined
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as the heat transfer due to conduction through the adjacent section, which for radial heat





















Here we assume a grid of material properties with nodes offset from the tempera-
ture nodes such that material properties are evaluated at an average temperature of the
adjacent temperature nodes (Refer to figures (2.4)-(2.7) for a visualization). Ideally conduc-
tance could be evaluated continuously, however it is expected that changes in conductance
from node to node will be very small, and thus [2.20] and [2.21] should provide reasonable
estimates.
Conduction Through Composite Nozzle Elements
If we apply equations [2.20] and [2.21] to the elements of the described composite nozzle,

















































Fig. 2.3: Resistor Model of Heat Transfer
By likening the heat mechanics to a resistor network as shown in figure (2.3), a simple









RN +RI +RS +Rrad−out
(2.25)











RN +RI +RS +Rrad−out
(2.26)





Rconv +RN +RI +RS +Rrad−out




TsurRconv + Tawf (RN +RI +RS +Rrad−out)
Rconv (RN +RI +RS +Rrad−out)





Which is a fourth order polynomial with only one real positive root. However, the
result depends on the value of Rrad−out which in turn depends on the value of T4. If we
evaluate the steady state heat balance at the shell surface we get:
TfRconv + TawfRrad−in − T4(Rrad−in +Rconv) − Q̇eroRrad−inRconv





Plugging in Rrad−out as defined in equation [2.17] gives:
TfRconv + TawfRrad−in − T4(Rrad−in +Rconv) − Q̇eroRrad−inRconv





sur)(T4 + Tsur)(T4 − Tsur)
(2.29)






Rrad−inRconv + (RN +RI +RS)(Rrad−in +Rconv)
−
(
TfRconv + TawfRrad−in − Q̇eroRrad−inRconv







Which once again is a fourth order polynomial with only one real positive root. In
this case, the result depends on the value of Rrad−in which in turn depends on the value of
T1. By guessing starting values for T1 and T4, we can iteratively solve for the steady state
values of T1 and T4 using equations [2.27] and [2.30]. Once the steady state values of T1
and T4 are known, T2 and T3 can be explicitly solved for.
2.4 Discretization and Numerical Methods
In order to solve the system, discrete element analysis was used, with n tempera-
ture nodes in each of the three sections (throat, insulator, and shell) and n − 1 material
property nodes indexed in between temperature nodes. Since there is a shared node both
at the throat/insulator interface and at the insulator/shell interface, the total number of
temperature nodes become m = 3n − 2 with 3n − 3 material property nodes. With such
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a discretization, the solution can be approximated using an implicit forward differencing
method such that in matrix form:
Ṫm×1 = Am×m(Tm×1 + ∆tṪm×1) + bm×1 (2.31)
Which simplifies to:








𝜇𝑒 , 𝜌𝑒 , 𝑈𝑒
𝑇2
𝜅…, 𝑐𝑝…, 𝜌…𝜅1, 𝑐𝑝1, 𝜌𝑁
Cell 1 Cell 2 Cell…
Fig. 2.4: Throat Surface Discretization
The throat surface is discretized as shown in figure (2.4). Using equation [2.18] as a


















Where Rrad−in, Rconv, Rcond,2, and Q̇ero are defined by equations [2.6], [2.8], [2.21], and
[2.5] respectively. In matrix form this becomes:
Ṫ1 =
[− 1Rrad−in − 1Rconv + 1Rcond,2 − 1Rcond,2
]T1
T2






)2 − r21) cp1 (2.34)










































Cell n+1Cell nCell n-1
Fig. 2.5: Throat/Insulator Interface Discretization
The throat/insulator interface is discretized as shown in figure (2.5). In this case, since
the interface cell includes parts of both the throat material and the insulator material, we
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must devise two separate heating equations. Using equation [2.18] as a model, the heat




















− Tn − Tn+1
Rcond,n+1
(2.37)
Where Rcond,n−1 and Rcond,n+1 are defined by equations [2.20] and [2.21] respectively. In





























































The insulator/shell interface is discretized as shown in figure (2.6). The equations that
govern heat transfer in this region are analogous to the equations that govern heat transfer


































Cell 2nCell 2n-1Cell 2n-2
Fig. 2.6: Insulator/Shell Interface Discretization
Where Rcond,2n−2 and Rcond,2n are defined by equations [2.20] and [2.21] respectively. In










































































Cell… Cell 3n-3 Cell 3n-2
Fig. 2.7: Shell Surface Discretization
The shell surface is discretized as shown in figure (2.7). Using equation [2.18] as a











− T3n−2 − Tsur
Rrad−out
(2.43)
Where Rcond,3n−3 and Rrad−out are defined by equations [2.20] and [2.17] respectively. In






















































All other points within the system are governed by simple conduction, thus we can














− Ti − Ti+1
Rcond,i+1
(2.47)
Where Rcond,i−1 and Rcond,i+1 are given by equations [2.20] and [2.21] respectively. In





















































Using equation [2.32] with A and b constructed as specified and all non-specified points
set to 0, the solution can be propagated through time, and thus the unsteady solution can
be obtained.
Erosion Considerations
At the end of each time step, we must consider the physical effects of erosion. As the
nozzle burns away, the inner diameter of the nozzle expands, and accordingly r1 changes
24
subject to:
r1,tj+1 = r1,tj − ∆tṙ (2.50)
Thus when the burn is erosive, r1 should be updated at the end of every time step and cells
removed from the discretization if necessary.
2.5 Stress Modeling
In order to model stress, we make use of the method described by Qian et al.(18).
This method was developed for use with multiple thick walled cylinders under steady-state
conditions. Our system is not steady-state, however by applying the same discretization
used in the thermal analysis and thereby only assuming steady conditions within thin layers,
we can approximate the unsteady solution. This process was repeated multiple times using
Monte-Carlo error analysis in order to give statistical significance to the findings.
2.5.1 Governing Equations
Qian et al.’s method was developed for a system with two-dimensional heat flow. Since
our system only has one-dimensional heat flow, the equations must be modified or else
some of the matrix operations will result in singular matrices. The modified equations are
as follows:
It is assumed that the temperature profile between each node can be approximated
as logarithmic. This assumption is supported by figure(2.8) which demonstrates that the
logarithmic temperature profile closely matches the linear temperature profile with as few
as 28 total discretizations. For this analysis, we use no fewer than 98 total discretizations
so the logarithmic assumption would appear valid. If we assume a logarithmic temperature
profile within each discrete layer ’i’, than we can describe it as:
Ti(r) = Ai +Bi ln(r)
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Fig. 2.8: Logarithmic vs Linear Temperature Profile Comparison
Where:
Bi =






Ai = Ti(r(i)) −Bi ln(r(i)) (2.52)




















































W 0i (r(i)) = W
0
i−1(r(i)) (2.56)





























W 01 (r(1)) from 2.55 can then be found by solving the following set of equations for the
unknown radial displacement u at the outer and inner surface of the cylinder:













Then we can recursively solve for the coefficients we need to calculate stress:
S1i(r)
S2i(r)
 = (Φ0i (r))−1 (W 0i (r) −G0i (r)) (2.60)
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Then the stresses can be solved for:
σr(r) =
Ei






































Finally, the Von-Mises stress, or effective stress can be calculated using the standard method:
σv(r) =
√




3.1 Numerical Method vs Steady State Solution
In order to test the validity of the numerical method, it is useful to compare the
results of the steady state solution with the results of an extended burn. With this aim in
mind, a burn was simulated for an arbitrary nozzle configuration and the results compared
to the steady state solution. For the simulation, material properties were assumed to be
constant since a steady state model is incapable of handling variable material properties.
The simulation was run both with a composite nozzle and with a monolithic graphite nozzle.
The results are shown in figures (3.1) and (3.2) respectively.
Fig. 3.1: Steady State Solution Compared to Numerical Method for a Composite Nozzle
For an extended burn, the numerical method solution converges with the steady state
solution. This gives strong evidence that the numerical method employed is successful.
Furthermore these results illustrate the long term effects of the low-erosion nozzle. Due to
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Fig. 3.2: Steady State Solution Compared to Numerical Method for a Monolithic Graphite
Nozzle
the low thermal conductivity of the HBN insulator, the steady state temperature of the
nozzle throat is increased in the composite nozzle and the steady state temperature of the
SS shell is decreased in comparison with the monolithic graphite nozzle. The decrease in
shell temperature may allow for extended burns in the case of the composite nozzle without
risking failure of the motor’s mechanical components due to excessive heating.
Also of note is the amount of time taken in each case to reach steady state conditions.
For the monolithic graphite nozzle, steady state temperatures are reached at around 100
seconds into the burn. By contrast, the composite nozzle takes nearly double that amount
of time to reach steady state.This is due to the comparatively low rate of conduction and
high specific heat in the insulating layer, enabling the nozzle to absorb more heat while at
the same time remaining cooler for longer.
3.2 Determination of Variables
3.2.1 Radiation Coefficients
Absorbtivity of graphite remains relatively constant across the temperature range.
Therefore, it is sufficient to assume a steady value of .9, which is typical. We will assume
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that the emissivity of the exhaust plume is equal to that of gaseous water since water
comprises a large portion of the combustion products and has a higher emissivity than
most of the other components. For the expected pressure and temperature range, gaseous






+ 1εN − 1
= .606 (3.1)
Initial guesses for emissivity proved ineffective at predicting nozzle shell temperature.
Even if the initial shell temperature agreed with experimental results, it was observed that
the tested nozzle cooled much quicker than the simulated nozzle. This might be attributable
to a number of factors, including non-2D effects and the occurrence of natural convection.
Whatever the root cause, by implementing an emissivity coefficient of 2.5 the calculated
rate of temperature decay matched well with the observed rate of temperature decay.
3.2.2 Rate of Erosion
As noted previously, erosion has an adverse effect on thrust. Since the actual value of
thrust is measured and the ideal value can be calculated via chamber pressure, the value
of ṙ can be determined from the discrepancy. This method was used for the purpose of
comparing model predictions against measured data.
3.2.3 Burn Parameters
O/F ratio was determined for each test case based on the amount of oxidizer injected
into the motor. A constant value for chamber pressure was assumed based on the average.
Typical values were in the range of 1.5 to 3.5. For all burns, a typical combuster efficiency of
.95 was assumed. Chamber pressure by contrast was left unsteady and was pulled directly
from the test data. Start and end times for the burn were determined automatically from
the thrust data.
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3.2.4 Finite Element Analysis Parameters
The model relies on spacial (n) and temporal (∆t) discretization parameters. Through
testing, it was observed that the model predictions converged for discretizations greater
than n = 10 and for time steps less than ∆t = .1s. Out of an abundance of caution, it was
deemed sufficient to set n = 25 and ∆t = .005s for the purpose of testing.
3.3 Test Results vs Simulation
The thermal model was compared to test data from several different burns. The first
two cases are for less complex nozzles and were used to calibrate the model. All other cases
are for the first generation nozzle design. In all cases, the thermal model used the chamber
pressure recorded at each time step during the burn to predict performance. Similarly
thrust data is used by the program to determine stop and start times.
3.3.1 March 10th 2020, G/G/G
Fig. 3.3: March 10th Monolithic Burn Data
On March 10th 2020, a 15 second burn was conducted with a monolithic graphite
nozzle. Testing with the monolithic graphite nozzle is important since the graphite nozzle
is less complex than the composite nozzle and its material properties are better understood.
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The thrust and chamber pressure are shown in figure (3.3). Using the thermal model with
the parameters given in table 3.1, the thermal performance of the burn was calculated and
compared to the data from the actual burn. The temperature comparison is shown in figure
(3.4).
Table 3.1: Input Parameters 03/10/2020 (Monolithic Nozzle)
Geometry R1 R2 R3 R4 L
.5cm n/a n/a 2.86cm 2.54cm
Burn ᾱ1 εS η O/F
Properties .606 2.5 .95 3.5
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Fig. 3.4: March 10th Monolithic Simulated Results vs Test Results
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For the monolithic graphite nozzle, the model predicts quicker conduction from the
throat to the outer shell. However, after the burn the model solution converges with the
test data, suggesting that the model is accurate in predicting the total amount of heat to
enter and leave the system. In this case the model prediction had an R2 value of .7714.
3.3.2 March 10th 2020, G/HBN/SS
Fig. 3.5: March 10th Composite Burn Data
On March 10th 2020, a 15 second burn was conducted with a composite nozzle with a
graphite (not pyrolytic graphite) throat insert. The thrust and chamber pressure are shown
in figure (3.5). Using the thermal model with the parameters given in table 3.2, the thermal
performance of the burn was calculated and compared to the data from the actual burn.
The temperature comparison is shown in figure (3.6).
For this nozzle design, the model appears to initially under-predict nozzle surface tem-
perature. Differences are minor however and overall agreement is strong. In this case the
model prediction had an R2 value of .9841.
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Table 3.2: Input Parameters 03/10/2020 (Composite Nozzle)
Geometry R1 R2 R3 R4 L
.5cm 1.27cm 2.22cm 2.86cm 2.54cm
Burn ᾱ1 εS η O/F
Properties .606 2.5 .95 4.5
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Fig. 3.6: March 10th Composite Simulated Results vs Test Results
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3.3.3 March 18th 2020, PG/HBN/SS
Fig. 3.7: March 18th Burn Data
On March 18th 2020, a 15 second burn was conducted with a composite nozzle. The
thrust and chamber pressure are shown in figure (3.7). Using the thermal model with the
parameters given in table 3.3, the thermal performance of the burn was calculated and
compared to the data from the actual burn. The temperature comparison is shown in figure
(3.8).
Table 3.3: Input Parameters 03/18/2020
Geometry R1 R2 R3 R4 L
.5cm 1.27cm 2.22cm 2.86cm 2.54cm
Burn ᾱ1 εS η O/F
Properties .606 2.5 .95 3.4
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Fig. 3.8: March 18th Simulated Results vs Test Results
For this burn, the thermal model noticeably overshot the measured shell temperature,
resulting in a mediocre R2 value of .8983. However, as will be shown subsequent burns
under nearly the same conditions resulted in recorded temperatures which were higher than
those recorded in this test. This suggests the possibility of unknown confounding variables
in this experiment.
3.3.4 March 20th 2020, PG/HBN/SS
On March 20th 2020, a 15 second burn was conducted with the composite nozzle. The
thrust and chamber pressure are shown in figure (3.9). Using the thermal model with the
parameters given in table 3.4, the thermal performance of the burn was calculated and
compared to the data from the actual burn. The temperature comparison is shown in figure
(3.10).
Here the model initially agreed with the rate of heating, however it seems to have
slightly overshot. It is worth noting here that in this case the motor was purged shortly
after burnout (see figure 3.9). The venting of cold gasses through the motor may have
cooled the nozzle throat resulting in a lower final temperature. Even with this unaccounted
effect however the R2 value for the prediction is .9582.
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Fig. 3.9: March 20th Burn Data
Fig. 3.10: March 20th Simulated Results vs Test Results
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Table 3.4: Input Parameters 03/20/2020
Geometry R1 R2 R3 R4 L
.5cm 1.27cm 2.22cm 2.86cm 2.54cm
Burn ᾱ1 εS η O/F
Properties .606 2.5 .95 1.7
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3.3.5 March 23rd 2020, PG/HBN/SS
Fig. 3.11: March 23rd Burn Data
On March 23rd 2020, a 30 second burn was conducted with the composite nozzle. The
thrust and chamber pressure are shown in figure (3.11). Using the thermal model with
the parameters given in table 3.5, the thermal performance of the burn was calculated and
compared to the data from the actual burn. The temperature comparison is shown in figure
(3.12).
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Table 3.5: Input Parameters 03/23/2020
Geometry R1 R2 R3 R4 L
.5cm 1.27cm 2.22cm 2.86cm 2.54cm
Burn ᾱ1 εS η O/F
Properties .606 2.5 .95 1.7
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In this instance the model appears to undershoot a bit; however, it’s worth noting
that the data was cut a little short for this test, and based on the fact that the predicted
throat and shell temperatures have not yet converged, it’s likely that if data recording had
continued, the predicted and the measured shell temperature would have converged. The
R2 value for this test is .9263.
3.3.6 September 23rd 2020, PG/HBN/SS
On September 23rd 2020, a 15 second burn was conducted with the composite nozzle.
The thrust and chamber pressure are shown in figure (3.13). Using the thermal model with
the parameters given in table 3.6, the thermal performance of the burn was calculated and
compared to the data from the actual burn. The temperature comparison is shown in figure
(3.14).
In this case the model is once again successful in predicting the test results. In this
case the R2 value is .9792.
3.4 Stress Analysis
There were three novel nozzle configurations tested during the course of the study.
The first generation consisted of a substrate nucleated pyrolytic graphite(PG-SN) throat
40
Fig. 3.12: March 23rd Simulated Results vs Test Results
Fig. 3.13: September 23rd Burn Data
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Table 3.6: Input Parameters 09/23/2020
Geometry R1 R2 R3 R4 L
.5cm 1.27cm 2.22cm 2.86cm 2.54cm
Burn ᾱ1 εS η O/F
Properties .606 2.5 .95 1.7
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insert, a hexagonal boron nitride insulator, and a stainless steel shell. The first generation
nozzle generally succeeded, with only one failure occurring over the course of testing. For
the second generation, the stainless steel shell was removed to get the nozzle down to
flight weight, and the PG-SN was replaced with heat treated pyrolytic graphite(PG-HT).
Unfortunately, the HBN in the second generation consistently fractured during the course
of operation. The third generation nozzle replaced with HBN insulator with reinforced
carbon-carbon composite. This final generation consistently succeeded. In order to confirm
these results, a stress analysis was performed for all three nozzle types. Since there is a
great deal of uncertainty with regards to the true properties of the materials employed, a
Monte Carlo error analysis was performed assuming standard deviations equal to 25% of the
mean for all properties with the exception of density, which could be accurately determined.
Mean values were determined based on the average temperature of each layer using the best
available information and are shown in table 3.7.
3.4.1 Gen 1 (PG-SN/HBN/SS)
Using the thermal model, a 15s and 30s burn were simulated for the first generation
nozzle and stresses were calculated. The thermal stress profile was then plotted for the time
step with the largest thermal gradient across the insulator. The results are shown in figures
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Fig. 3.14: September 23rd Simulated Results vs Test Results
Table 3.7: Physical Property Means






15sec PG-SN 25.6 2.05 -.16 203.7
burn HBN 43 .57 .2 86.4
Gen SS 176.7 17.62 .27 559.6
1 30sec PG-SN 24.5 2.36 -.16 213.9
burn HBN 34.8 .55 .2 79
SS 162.6 14.75 .27 500
15sec PG-HT 50 3.75 -.16 176.5
Gen burn HBN 39.2 .56 .2 83
2 30sec PG-SN 42.4 4 -.16 188.2
burn HBN 26.4 .54 .2 71.3
15sec PG-HT 50.1 4.14 -.16 176.4
Gen burn RCC 67 3.35 .14 226.9
3 30sec PG-SN 41.3 5.02 -.16 189.9
burn RCC 76.9 3.69 .14 233.1
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(3.15) and (3.16).
Fig. 3.15: Gen 1 stress from 15 second burn, dashed lines represent 1 standard deviation
As can be seen from the figures it appears that for shorter burns, the first generation
nozzle is just able to survive operation without failure, but as burn duration increases it
pushes the HBN insulator past the stress limit. This is likely why in testing, generation 1
succeeded generally but did experience failure on one occasion.
3.4.2 Gen 2 (PG-SN/HBN)
Using the thermal model, a 15s and 30s burn were simulated for the second generation
nozzle and stresses were calculated. The thermal stress profile was then plotted for the time
step with the largest thermal gradient across the insulator. The results are shown in figures
(3.17) and (3.18).
As can be seen from the figures, the second generation nozzle is expected to fail over
the course of operation, which is supported by the test results.
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Fig. 3.16: Gen 1 stress from 30 second burn, dashed lines represent 1 standard deviation
Fig. 3.17: Gen 2 stress from 15 second burn, dashed lines represent 1 standard deviation
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Fig. 3.18: Gen 2 stress from 30 second burn, dashed lines represent 1 standard deviation
3.4.3 Gen 3 (PG-CN/RCC)
Using the thermal model, a 15s and 30s burn were simulated for the third generation
nozzle and stresses were calculated. The thermal stress profile was then plotted for the time
step with the largest thermal gradient across the insulator. The results are shown in figures
(3.19) and (3.20).
As can be seen from the figures, we can express with confidence that the third generation
nozzle is capable of surviving operation, which is again supported by testing.
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Fig. 3.19: Gen 3 stress from 15 second burn, dashed lines represent 1 standard deviation




The effects of nozzle erosion have long been ignored for modeling of hybrid-powered
stage trajectories. This neglect has the potential to compromise calculations of hybrid-
powered optimal trajectories, and limits options for closed look trajectory control. Tests
have shown that ignoring the effects of thrust can result in differences in thrust as great
as 35% for a 15s burn, depending on nozzle and motor configuration. Since the continu-
ous enlargement of the nozzle throat during firing directly affects the engine thrust profile,
consumed propellant mass, and the associated overall vehicle mass, it is essential to in-
clude the effects of nozzle erosion in the overall propulsion system simulation, design, and
trajectory optimization. As the burn duration increases, the degree of nozzle erosion be-
comes more and more uncertain, and the effects of this uncertainty on motor performance
become increasingly more significant. A lower-erosion nozzle system, designed explicitly
for hybrid-powered launch stages, is clearly desirable. This thesis develops the tools nec-
essary to analyze and predict the thermal and mechanical performance of various nozzle
configurations enabling the development of low-erosion nozzle.
4.1 Validation of Thermal Model
Based on the results, the thermal model seems reasonably accurate in predicting ther-
mal performance with R2 values correlating model predictions and test results ranging from
.77 in the worst case to .98 in the best. The explicit steady state solution matches the con-
verged solution from the time-resolved unsteady heating model. This suggests that the
discretization of the nozzle and the incorporation of relevant heating forces was successful.
This alone however does not validate the modeling of physical forces or the selection of
variables.
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In comparing the thermal model to the test results, we saw that it was consistently
accurate in predicting the final temperature and the cool down behavior of the nozzle outer
shell. Since the temperature is likely to become uniform across the nozzle shortly after
burn out, this implies that the model is successful both in predicting the heat entering
the system, and the heat exiting the system. If the model under or over predicted the
amount of heat entering the nozzle, we would expect the final temperature prediction to
be less than or greater than the measured final temperature. Likewise if the model over or
under predicted the amount of heat leaving the system, we would expect the steady state
temperature predictions to diverge from the measured prediction. Since neither of these
phenomenon occur, we can be reasonably confident that the model correctly predicts the
amount of heat entering and leaving the system.
4.1.1 Discrepancies With the March 10th Monolithic Graphite Test Burn
For the most part, the model is not only successful in predicting long term behavior,
but also in predicting startup behavior with most correlation coefficients being greater than
.9. The one notable exception to this is the March 10th monolithic graphite test. It is
clear from figure (3.3) that there is significant disagreement between the modeled shell
temperature and the measured shell temperature during the startup phase. Therefore we
must explore possible explanations for the discrepancy.
1. The model could be over predicting the rate of heat into the system. This seems
unlikely however since it would similarly affect other test results.
2. The true value of cp could be greater than the used value. This would cause the nozzle
to heat slower, resulting in the predicted and measured curves more closely matching.
However, the final temperature predicted would be lower; so this explanation alone is
not sufficient to explain the difference.
3. A 1-Dimensional heating model may not be a good choice for the monolithic graphite
nozzle. This would imply that axial heat flow into the nozzle bell and the motor casing
is a non-negligible effect. Given that unlike HBN graphite is an isotropic material, it’s
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possible that the 1-Dimensional heating model would fail for the monolithic nozzle
but not the composite nozzles.
4.2 Validation of Nozzle Design
The thermal and stress models employed by this thesis confirm a number of benefits
inherent to the first and second generation nozzles. A comparison between figures (3.1) and
(3.2) demonstrates that:
1. The steady state temperature of the outer shell is lower for the composite nozzle
than for the monolithic graphite nozzle. This is due to the presence of the insulator
decreasing the flow of heat to the shell. The decreased temperature of the outer shell
could potentially serve to keep the motor within operating conditions.
2. The composite nozzle takes longer to reach steady state temperatures than the mono-
lithic graphite nozzle. This is due to the high cp of the insulator, enabling it to absorb
large amounts of heat without substantially increasing in temperature. This property
could be potentially useful for short impulsive burns. It may enable the motor to per-
form short impulse burns without reaching pyrolysis temperatures, resulting in little
to no erosion.
Unfortunately, analysis and testing confirm that while the thermal properties of HBN are
preferable to RCC, HBN is unable to withstand the thermal stresses incurred during oper-
ation. RCC by contrast meets the mechanical durability required by operation.
4.3 Future Work
Due to the COVID-19 pandemic, the USU propulsion lab was unable to perform as
many test burns as planned. Ideally, the model would have been validated against more
variations in geometry, material selection, and burn duration. Accordingly, the largest area
of focus for future work should be in expanding the collection of test data, validating the
model against the new data, and making any necessary adjustments to the model.
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Additionally, the availability of information on the material properties of PG, HBN,
and RCC is limited and highly varied. Future studies increasing the level of certainty
in these values, particularly at elevated temperatures, could greatly increase the level of
confidence in the model results. Further studies into the conductivity and specific heat of
these materials is currently underway at USU.
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GAS AND MATERIAL PROPERTIES
A.1 GOX/ABS CEA Tables
Exhaust plume gas properties for the GOX/ABS reaction generated using CEA(19).
Fig. A.1: CEA Plots
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A.2 Graphite Variable Material Property Tables

































Specific Heat of Graphite
Fig. A.2: Graphite Material Properties
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A.3 Stainless Steel Variable Material Property Tables




































Thermal Conductivity of Stainless Steel
Fig. A.3: Stainless Steel Material Properties
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A.4 Pyrolytic Graphite Variable Material Property Tables



































Specific Heat of Pyrolytic Graphite
Fig. A.4: Pyrolytic Graphite Material Properties
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A.5 Hexagonal Boron Nitride Variable Material Property Tables





































Thermal Conductivity of HBN in the β Plane
Fig. A.5: Hexagonal Boron Nitride Material Properties
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A.6 Reinforced Carbon-Carbon Composite Property Tables



































Thermal Conductivity of RCC
Fig. A.6: Hexagonal Boron Nitride Material Properties
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A.7 Pyrolytic Graphite Population Material Properties
Statistical study of the variance of the material properties of pyrolytic graphite based on
available data. Specific heat is assumed to be analogous to standard graphite, which is better
understood with a mean of about 1900 Jkg−K with a standard deviation of 150
J
kg−K (29).
Values are depicted in figure (A.7).
Fig. A.7: PG Population Study
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A.8 Hexagonal Boron Nitride Population Material Properties
Statistical study of the variance of the material properties of hexagonal boron nitride
based on available data. Values are depicted in figure (A.8).
Fig. A.8: HBN Population Study
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A.9 Reinforced Carbon-Carbon Composite Population Material Properties
Statistical study of the variance of the material properties of carbon-carbon composite
based on available data. Only one source was found for the Poisson’s ratio, suggesting a
value of about .02. Other values are depicted in figure (A.9).
Fig. A.9: RCC Population Study
